
A Framework for Scenariobased Risk
Management

Kaj Nyström∗and Jimmy Skoglund†

Swedbank, Group Financial Risk Control
S-105 34 Stockholm, Sweden

June 10, 2002

Abstract

The framework presented in this paper describes how a risk man-
ager in a systematic and structured way can construct scenarios. It
creates a natural platform where quantitative analysts, economists as
well as top management within a large bank can discuss, quantify and
implement scenarios. A key aspect of the framework is also that it
links all components of integrated risk management: Sensitivity mea-
sures, Value at Risk calculations as well as stress testing. The core
of the framework is a mathematical model of joint risk factor evo-
lution through time and the concept of an information hypercube.
The mathematical model consists of two components: models for the
univariate marginal distributions of risk factors and a model of the co-
dependence structure encoded in the notion of copulas. The aim of the
mathematical model is to capture, as realistically as possible, the ac-
tual data generating process. That is, the unobserved true structure.
The hypercube consists of a set of core risk factors and pre-defined
future paths of these risk factors. Interaction in the scenario process
appears at the hypercube level and through the application of the hy-
percube information on the mathematical model. Hence, reducing the
degrees of freedom of the model.
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1 Introduction

In recent years risk management has focused on a scenario based approach,
valuing the portfolio under each scenario to construct a profit and loss dis-
tribution. Future portfolio profit and loss distributions are then driven by
future distributions of the underlying risk factors. Although the existing ap-
proaches to scenario based risk management employ different methodologies,
they all follow a common structure.

1. Mark to market portfolio

2. Generate scenarios based on a model

3. Estimate distribution of portfolio returns

4. Apply risk measures to the portfolio distribution

In this process the explicit choice of scenarios is of course the key input to
the analysis. This is also the most difficult point, both from a methodological
perspective as well as from a communicative. From the methodological per-
spective the question is to understand and capture the correct model of joint
returns and from the perspective of communication it is important to be able
to communicate in a non-technical way how the scenarios are constructed.
This is crucial if it should be possible for people within the organization to
understand the scenario and feel comfortable with its construction.

We believe that a framework for scenario based risk management must
be able to handle and address both perspectives. Simply put, a framework
should be a natural platform where quantitative analysts, economists as well
as top management within a large bank can, in a structured way, discuss,
quantify and implement scenarios. Indeed, traditionally in risk management
the quantitative side is model experts whereas economists and portfolio man-
agers are scenario experts. Integration of these two areas of knowledge in a
single framework is one of the main aims of this paper.

Formulated in this way the problem of creating such a framework de-
couples into two parts. First one needs to clarify what to demand from
quantitative methods and how to develop a flexible toolbox of sound math-
ematical and econometrical methods fulfilling the demands. Secondly there
should be some key non-technical structure in the quantitative framework,
which is of such a nature that it enables a communication with people in
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the organization as well as allowing direct interaction with the mathemati-
cal model. In our framework that non-technical structure is an hypercube
representing future pre-defined paths of a set of core risk factors. We are
convinced that the cube is the port where quantitative methods and soft
issues can meet and communicate.

This paper is devoted to the description of all aspects of the proposed
framework as well as its application to risk management, both on a non-
technical as well as on a technical level. Still the paper is structured around
a non-technical description of the components of the framework and we try
to convey the important ideas without addressing all generalities. Instead we
have included references to relevant material and at the end of the paper the
reader can also find a discussion of where material relevant for our exposition
can be found.

The paper is organized in the following way. In section 2 we discuss on
an overview level the components of the framework, its flexibility and what
is gained by adopting our point of view. Thereafter in section 3 we in detail
focus on the mathematical components of the framework, i.e., on models for
univariate marginal distributions and the models for co-dependence structure
as well as the actual construction of hypercubes.

More specifically, section 3.1 is devoted to univariate marginal distribu-
tions and we focus on the stylized facts of univariate financial time series. In
this section we integrate GARCH models and the univariate extreme value
theory. In particular we describe in a GARCH type filtering how we make
use of extreme value theory in order to complete univariate empirical dis-
tribution functions through extrapolation. For a theoretical background on
univariate extreme value theory the reader is referred to appendix A.

In section 3.2, which concerns dependence structures, we consider the
notion of copula as defining the linking or dependence structure between
marginals. Copulas are introduced in appendix B. In analogy with the styl-
ized facts of univariate financial time series we focus on quantities which may
be thought of as describing stylized facts of co-dependence. The construction
of tractable and computable copulas to be used in large-scale applications and
finance is one of our major concerns. We discuss the use of general elliptic
copulas and in particular the t-copula and describe the stylized facts of co-
dependence these copulas can capture. At the current state of research the
t-copula does seem to be one of the few copulas which can handle the scale of
financial applications and also be used to stress dependence. In general other
parametric copulas tend to have a number of parameters growing exponen-
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tially with the number of risk factors involved. In this section we also discuss
a theoretical model for the construction of what we call complete empirical
distributions. The derivations are based on multivariate extreme value the-
ory and concepts like multivariate regular variations and spectral measures.
Combined with the use of restrictive blocking maps (i.e., dividing the risk
factors into a small number of blocks with perfect positive co-dependence
within blocks) such a model can be used to define dependence structures in
the multivariate tail. We want to point out that this approach is something
of an ongoing research project aiming at a refinement of the current state
of the art of multivariate analysis while keeping the perspective that we are
facing large-scale financial applications.

In section 3.3 which concerns hypercubes we describe our approach to
populating the hypercube.

Section 4 deals with the essential aspects of parameter calibration. That
is, the way GARCH parameters and parameters in univariate extreme value
theory distributions are estimated as well as how to estimate the parameters
of the copula. In the particular case of the t-copula one could in principle
device a likelihood approach to estimate both the ”correlation parameters”
and the parameter of tail dependence (i.e., the degrees of freedom parameter).
Though, from the perspective of stress testing, we have found it useful to leave
the tail dependence parameter as an extra degree of freedom of the model.
In fact, as is explained in the paper the parameter of degrees of freedom can
be used to stress the likelihood of joint extremes in a way not possible for
the standard multivariate normal model and as such we recognize this as a
much more useful approach to stressing co-dependence than the commonly
encountered method of scaling the elements of the covariance matrix of the
multivariate normal distribution.

In section 5 we describe in an algorithmic fashion how to simulate within
the framework. In particular we focus on how to simulate from the cop-
ula, incorporating the information contained in the hypercube. Since the
information hypercube is dynamic in nature multi-step simulation is also
considered.

Finally, in section 6 we end with general conclusions and a summary of
the key aspects of our framework.
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2 The framework

In this section we present on an overview level the components in our frame-
work. The three main components are:

• Models for univariate marginal distributions.

• Models for dependence structures encoded in terms of copulas.

• Information hypercubes.

Potentially we could also have listed one more component, blocking maps.
A blocking map is simply a partitioning of the set of all risk factors into
perfect positive co-dependence blocks and is in particular an efficient way of
reducing the stochastic degrees of freedom when modelling co-dependence.

Building scenarios consists in specifying a particular choice for each of the
components. It is important to note the flexibility induced by the fact that
each of the three components can be studied and constructed independently.

From our perspective the steps in scenario based risk management is
reduced to the following.

1. Construction of an information hypercube.

2. Specification of the marginal distribution for each risk factor.

3. Choosing a copula binding the risk factors together (perhaps using a
blocking map to reduce the degrees of freedoms of co-dependence).

4. Drawing a number of Monte-Carlo scenarios from the model condition-
ing on the hypercube. Then decide wether or not you want to use the
scenarios for a full-scale simulation or if you want to condensate the
information. This process of condensation can be carried out in many
different ways, one way is to take expectations.

5. In order to get an estimate of the degree of rareness of the information
hypercube by quantitative methods one can apply efficient Monte-Carlo
integration, or analytic methods if possible, to compute an associated
cumulative probability of the events encoded in the cube. This can be
formulated in terms of waiting times.
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We now focus on what we think that a scenario based approach to risk
management in a major bank should result in and in particular how our
proposed framework fits in this picture. The first point we wish to make
is that there should be a set of accepted systematic scenarios with results
reported to top management. The word ’systematic’ here refers to scenarios
which are applied on a regular basis and with high frequency. These include;
VaR, systematic stress, risk matrices, sensitivity analysis1.

Within our framework these seemingly disparate approaches can be in-
tegrated in a natural way; they only represent different ways of populating
the hypercube. In particular VaR corresponds to the empty set hypercube
or if you will the case of complete (subjective) ignorance. Hence, it only de-
pends on the mathematical model. In contrast risk matrices and sensitivity
analysis are hypercube complements (in a mathematical sense) to VaR. That
is, they correspond to the case of full (subjective) information, reducing the
degrees of freedom of the mathematical model to null. Finally, to incorporate
systematic stress tests in the current framework we introduce the following
definition.

Definition 1 A systematic stress test is a scenario set generated from a
model by conditioning on an hypercube which contains a set of core risk fac-
tors and pre-defined future paths of these (and which is located in the multi-
variate tail of the underlying distribution).

Hence, the systematic stress test is an intermediate case with some core
risk factors populating the hypercube. In fact, we think that the above
definition, which views a systematic stress test as being defined by a certain
hypercube (and conditional on a given model) is a useful way of standardizing
the approach to stress testing2. As stress testing focuses on low frequency
events it is clear that the information hypercube used for conditioning should
be located in the “multivariate tail” of the underlying distribution of the
evolution of the vector of risk factor returns.

1The terms ’stress’ and ’stress test’ are often used in the literature without a clear
statement of their proper meaning. It is our understanding that stress is implicitly defined
as a state of the world which could create major losses for the bank and potentially threaten
the banking system. Hence, stress testing is a framework for evaluating the economical
impact of plausible stresses.

2We believe that stress testing should be separated from the concept of ’model risk’
in the sense that any stress test should be viewed as conditional on a given model (risk).
The concept of model risk is not treated in this paper.
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In practice a popular way of constructing systematic stress tests is to
run a so-called historical crisis period through the portfolio. It is clear that
such an approach has several disadvantages and comes with several flaws.
To mention a few; many of the risk factors affected by the crisis may not be
relevant for your portfolio today and vice versa, the dependence structure
implicit in the historical scenario set may not accord well with the current
market regime. In our framework a stress test based on a historical crisis is
incorporated in the following way.

Definition 2 A stress test based on a historical crisis is a systematic stress
test with an information hypercube populated from movements observed in a
chosen set of core risk factors under a particular period in time.

Hence, a historical crisis stress test is just a particular way of choosing the
core risk factors in the hypercube and their corresponding paths. We notice
that the above definition ensures that an implementation of a historical crisis
stress test, affecting all of our present risk factors, is always feasible. The
following are examples of hypercubes on which historical crisis stress tests
could be constructed.

• The Black Monday 1987 hypercube

• The Russian hypercube

• The Asian crisis hypercube

• The Tequila hypercube

• The Bond crash 1994 hypercube

• The ERM 1992 FX turbulence hypercube

Our second point is that there should be routines for ad-hoc stress tests
as well as an established and regular dialogue with macroeconomical expertise
and portfolio managers. How can our framework be of help with these issues?
First of all the hypercube is a non-technical structure in the quantitative
framework and as such and by its nature it is the port where quantitative
methods and soft issues can meet and communicate. Secondly, ad-hoc stress
tests are typically triggered by concerns about special events or knowledge
of positions/strategies employed in the portfolio. In general such concerns
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can be mapped to paths or shifts in some core risk factors and hence in our
framework an ad-hoc stress test is simply a systematic stress test (see the
definition above) with possibly a shorter event horizon, being revised with
higher frequency and not necessarily reported.

Finally, there should be a structured approach to limits. Within the
present framework limits on any of the systematic scenario approaches are
put on the same footing. In particular limiting on maximal exposure (or
perhaps on an exposure being exceeded with a maximal probability) can be
naturally applied since it corresponds to limiting on pre-defined hypercubes.

3 Components of the framework

In this section we provide a more detailed desription of the different com-
ponents of the framework. First we consider a model for the univariate
marginals using well-known stylized facts of financial returns. The literature
on modelling financial returns has grown vast in recent years, Mikosch (2001)
provides an excellent survey. Next we proceed to model the joint dependence
of returns using the stylized facts of co-dependence. These stylized facts are
less well-known and have appeared only recently in the litterature. Bouye et
al. (2000) and Embrechts et al. (2001) contain useful overviews. Finally, we
turn to the actual construction of hypercubes.

The material in this section is of a more technical nature and pre-supposes
some familiarity with theoretical issues such as GARCH processes, extreme
value theory and copulas of which the last two have appeared only recently
in the financial literature. We provide a theoretical overview of univariate
extreme value theory in appendix A and a brief theoretical introduction to
copulas in appendix B. As there are by now several excellent text on the
standard and basic aspects of copulas we have decided to be quite brief in our
presentation. The reader will find that Bouye et al. (2000) and Embrechts
et al. (2001) contain much information and many references.

3.1 Models for univariate marginal distributions

It is by now well-known that financial time-series (after suitable transforma-
tion) display a number of so-called stylized facts which can be summarized
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as follows3

1. They tend to be uncorrelated but dependent

2. Volatility is stochastic and the autocorrelation function of absolute re-
turns tend to decay very slowly

3. They tend to be heavy tailed and asymmetric. In particular large re-
turns occur more frequently than predicted by the normal distribution

The lack of autocorrelation in financial returns implied by stylized fact
1 suggests that linear association between consecutive observations is not
large. Linear models may therefore not be expected to perform very well
in terms of forecasting availability. In addition empirical research indicates
that nonlinear models, such as regime-switching models, for returns does
not improve significantly on the simple random walk in terms of forecasting
ability. This supports the common belief that one cannot say much about
the sign of the returns and hence for the purpose of building a mathematical
model of returns there is no compelling reason to go beyond simple parametric
specifications. Accordingly, we consider the simple model

ln Pt − ρ ln Pt−1 = µ + εt (1)

where ρ = 1 for financial series displaying growth e.g., equities and 0 < ρ < 1
for financial series displaying the property of mean-reversion e.g., interest
rates.

As is well-known when considering financial time-series the modelling and
forecasting of volatility is a key issue. In any model of time-series one could
potentially work under the following two paradigms

• Volatility is not forecastable

• Volatility is forecastable

3As a matter of fact, these ”similar properties” depend on the time scale chosen. De-
pending on wether the time unit is a second, half an hour or a day, a month or a year,
qualitative differences of the time series can be expected. What we have in mind here is
daily data as is often the case.
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Deciding, in a particular situation, which of the complementary paradigms
that is the relevant one has strong methodological implications. For exam-
ple, if volatility is stochastic and forecastable (as implied by stylized fact 2)
then an accurate modelling of volatility can improve the management of risk.
When considering one day returns it turns out that the so-called GARCH
processes tend to explain much of the dependence structure referred to in
stylized fact 1 and that the so-called filtered residuals displays little or no
dependence, being almost Independent and Identically Distributed (IID).

A GARCH model for the conditional variance process obtains by consid-
ering the following decomposition of the model residuals in (1)

εt = ztht (2)

where by hypothesis zt is IID with mean zero and unit variance and zt, ht are
stochastically independent. It is the dynamics of h2

t , the conditional variance
at time t, that the GARCH model wish to capture. The GARCH model
is commonly used in its most simple form the GARCH(1,1) model which is
sufficient for most practical purposes. In this case the conditional variance
is given by

h2
t = a0 + a1ε

2
t−1 + bh2

t−1

= a0 + (a1 + b) h2
t−1 + a1

(
ε2

t−1 − h2
t−1

)

The term (
ε2

t−1 − h2
t−1

)
= h2

t−1

(
z2

t−1 − 1
)

(3)

has zero mean conditional on past information and can be interpreted as
the shock to volatility. The coefficient a1 therefore measures the extent to
which a volatility shock in period j feeds through into the volatility in period
j + 1, while (a1 + b) measures the rate at which this effect dies out, i.e., the
discount rate.

With the addition of the GARCH variance equation we can now extend
our model in (1) to capture stylized fact number 2 as follows.

yt = µ + htzt (4)

h2
t = a0 + a1ε

2
t−1 + bh2

t−1 (5)

where we have denoted yt = ln Pt − ρ ln Pt−1. To complete the specification
it remains to specify the distribution of the filtered residuals, zt. Current
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industry practice is to specify a normal distribution and one might wonder
how this accords with stylized fact number 3 above. The answer is simple.
It does not, although to some extent the GARCH model can capture excess
kurtosis. This can easily be seen by applying Hölder’s inequality to the
kurtosis of εt, k (εt)

k (εt) =
Eε4

t

(Eε2
t )

2 = k (zt)
Eh4

t

(Eh2
t )

2 ≥ k (zt) (6)

Intuitively, the unconditional distribution is a mixture, some with small vari-
ances that concentrate mass around the mean and some with large variances
that put mass in the tails of the distribution.

As emphasized many times in the literature, and as we do here, stylized
fact number 3 remains wether we are referring to the model residuals, εt or
the filtered residuals, zt. That is, neither the symmetry nor the exponentially
decaying tail behavior, exhibited by the normal distribution, seems to be sup-
ported by data. Hence, using the normal distribution approximation the high
quantiles may be severely underestimated. An immediate alternative to the
normal distribution may be to consider a Student-t distribution, being only
slightly more complex. The Student-t distribution have heavier tails than the
normal, displaying polynomial decay in the tails. Hence, it may be able to
capture the fat tails although it maintains the hypothesis of symmetry which
is troublesome because many financial returns are truly asymmetric, having
a much fatter left tail than right tail. In contrast non-parametric methods
e.g., kernel methods or the Empirical Distribution Function (EDF) makes no
assumptions concerning the nature of the empirical distribution function but
has several drawbacks, especially their poor behavior in the tails. For these
reasons we have chosen a semi-parametric method to estimate the distribu-
tion function of the filtered residuals in (4). We use the EDF at the center
of the distribution where much data exists whereas parametric methods are
applied in the tail where data typically is sparse. More specifically, we apply
Extreme Value Theory (EVT) to the tails of the empirical distribution of
the filtered residual process. EVT and in particular the Generalized Pareto
(GP) distribution give an asymptotic theory for the tail behavior. Based
on a few assumptions the theory shifts the focus from modelling the whole
distribution to the modelling of the tail behavior and hence the symmetry
hypothesis may be examined directly by estimating the left and right tail
separately. In addition application of EVT has the advantage of requiring
just a few degrees of freedom.
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Together with the parametric model (4) and our choice of density for zt,
i.e., EDF with EVT tails, we have now completed our specification of the
model for the univariate marginals. The current parametric specification has
been found very useful as a model of univariate returns, see McNeil and Frey
(2000) and Nyström and Skoglund (2001) for evidence on its superiority over
other models in terms of backtesting performance. We postpone discussions
of parameter calibration in both GARCH processess and of EVT tails to
section 4.

Finally, we just shortly want to emphasize a few features of EVT.

• EVT techniques make it possible to concentrate on the behaviour of
the extreme observations. It can be used to estimate out of sample
quantiles. Hence, being a theory of extrapolation.

• The EVT method does not assume a particular distribution and there-
fore the model risk is considerably reduced.

3.2 The co-dependence structure

In this section our focus shifts from modelling the time-dependence of univari-
ate financial return series to modelling the co-dependence. More specifically
we focus on the co-dependence of

zt = (z1t, . . . , znt) (7)

where zjt is IID over time and our main assumption is that the co-dependence
between the random variables (z1t, . . . , znt) is time-independent. Note how-
ever that due to stochastic volatility this assumption does not imply time-
independent co-dependence between the financial return series, (y1t, . . . , ynt).
We approach the modelling of co-dependence from a copula point of view and
the reader can find a short introduction to copulas in appendix B. Accepting
the copula as the structure of dependence between components in a random
vector the following issues are the essential ones.

1. How to construct copulas?

2. Given data, is there an empirical copula? Which copula is the right one
to use if one wants to capture the dependence given by the empirical
copula?
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3. How to understand the dependence implied by choosing a particular
copula and what stylized facts of dependence are captured by a partic-
ular copula?

A rough classification of available copulas give at hand elliptic copulas,
non-elliptic parametric copulas and copulas consistent with the multivariate
extreme value theory. There are also other constructions based on trans-
formations of copulas as well as construction of copulas using for instance
Bernstein polynomials. See Bouye et al. (2000) and the references in that
paper. We will not discuss such constructions and we will in fact ignore a
systematic description of the vast litterature on non-elliptic but parametric
copulas. The reason for this is that the construction of parametric non-elliptic
copulas tend to grow exponentially in complexity as the number of underly-
ing risk factors increase. Still combined with restrictive blocking maps the
more exotic and parametric copulas one can find in Bouye et al. (2000),
Embrechts et al. (2001) and Nelsen (1999) can be used. In this paper we will
furthermore not discuss empirical copulas and the estimation of empirical
copulas. We hope to return in the future to those particular issues in a more
empirically orientated paper.

As our analysis is more towards the use of explicit dependence structure
we want to understand what multivariate structures that can handle the
scale of financial applications. Below we discuss elliptic copulas (promot-
ing in particular the t-copula) and describe in a more theoretical way how
one potentially can make use of multivariate extreme value theory, blocking
maps and spectral measures in order to create what we call the complete
empirical distribution. Such a construction generalizes in a natural way the
extrapolation theory of univariate extreme value theory. Sketching such a
model is motivated by the fact that we in the long-term not only would like
to understand stylized facts of dependence for vectors of financial time series
but that we also want to understand how to extrapolate beyond empirical
observations. It is important to emphasize that an extrapolation theory for
the multivariate tail is far from trivial and that our construction is of a the-
oretical nature as much research remains to be carried out in order to be
able to properly estimate such a model. Still, from the perspective of stress
testing one can very well make use of the model as a purely structured way of
setting down a dependence structure in the multivariate tail by specification
of spectral measures.
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The use of blocking maps, with the upper Frechet copula within blocks,
is a simple and important way to reduce the number of stochastic degrees of
freedom in a model consisting of say 500−1000 risk factors. As such the idea
of blocking maps is of universal importance, and applying a restrictive block-
ing map enables one to use exotic copulas for modelling of low dimensional
stochastic vectors.

In the following we also describe a bit in detail the basic stylized facts for
elliptic distributions/copulas. We start by discussing a few copula properties
(i.e., properties of the dependence structure preserved under strictly increas-
ing transformations of marginals, see the appendix on copulas) as loosely
speaking the analysis of stylized facts of dependence is the analysis of copula
properties. This means that we want to understand the kind of dependence
induced by the choice of a particular copula.

3.2.1 Stylized facts of co-dependence

Several bivariate copula properties are well known, in particular the Kendall
tau, the Spearman rho and the coefficient of upper and lower tail dependence.
These bivariate notions are quite often easy to calculate as we will see be-
low. Bivariate notions can be extended to the multivariate case by applying
them to all pairs of components in the vector. Obviously this is not really
a multivariate approach and to quantify and understand dependence in the
multivariate case is more difficult. In the multivariate case we focus on the
notion of regular variation and the spectral measure as being the vehicle for
describing the asymptotic structure of dependence.

Definition 3 (Kendall’s tau) Let (X1, X2) and (X∼
1 , X∼

2 ) be two indepen-
dent vectors of random variables with identical distribution function. Kendall’s
tau is the probability of concordance minus the probability of discordance, i.e.,

τ(X1, X2) = P [(X1 −X∼
1 )(X2 −X∼

2 ) > 0]− P [(X1 −X∼
1 )(X2 −X∼

2 ) < 0]

One may easily prove that if (X1, X2) is a random vector with continuous
marginals having copula C = CX1,X2 then Kendall’s tau is given by

τ(X1, X2) = 4

1∫

0

1∫

0

C(u1, u2)dC(u1, u2)− 1

Hence Kendall’s tau is a copula property.
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Definition 4 (Spearman’s rho) Let (X1, X2) be a random vector with con-
tinous marginals (F1, F2) and copula C = CX1,X2. The Spearman rho is the
linear correlation of the variables (F1(X1), F2(X2)), i.e.,

ρS(X1, X2) = ρ(F1(X1), F2(X2))

Again one may prove that Spearman’s rho is a property of the copula C
and in fact

ρS(X1, X2) = 12

1∫

0

1∫

0

C(u1, u2)du1du2 − 3

Often the Spearman rho is referred to as the correlation of ranks. One
may also prove that both Kendall’s tau and Spearman’s rho are measures
of concordance. It furthermore follows that these measures of concordance
assume the value +1 respectively −1 if and only if the copula on which they
act is the upper respectively the lower Frechet copulas. For the definition
of measures of concordance we refer to appendix B. Next we define another
important quantity, the coefficient of upper and lower tail dependence.

Definition 5 (Coefficients of tail dependence) Let (X1, X2) be a ran-
dom vector with continuous marginals (F1, F2). The coefficient of upper tail
dependence ΛU(X1, X2) is defined by,

ΛU(X1, X2) = lim
u↗1

P [X1 > F−1
1 (u)|X2 > F−1

2 (u)]

provided that the limit ΛU(X1, X2) ∈ [0, 1] exists. The coefficient of lower
tail dependence ΛL(X1, X2) is defined by,

ΛL(X1, X2) = lim
u↘0

P [X1 < F−1
1 (u)|X2 < F−1

2 (u)]

provided that the limit ΛL(X1, X2) ∈ [0, 1] exists.

If ΛU(X1, X2) ∈ (0, 1] then X1 and X2 are said to have asymptotic up-
per tail dependence. If ΛU(X1, X2) = 0 then X1 and X2 are said to have
asymptotic upper tail independence. Analogous definitions apply in case of
the lower tail. As in the case of the Kendall tau as well as the Spearman rho
one may prove that the coefficients of tail dependence are simply asymptotic
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properties of the copula. In fact if (X1, X2) is a random vector with con-
tinuous marginals (F1, F2) and copula C = CX1,X2 then (provided the limits
exists) the following holds,

ΛU(X1, X2) = lim
u↗1

1− 2u + C(u, u)

1− u

ΛL(X1, X2) = lim
u↘0

C(u, u)

u

The coefficients of tail dependence give the first order asymptotics of the
copula near the points (0,0) and (1,1) supposing that we approach the point
along the diagonal line of the unit square [0, 1] × [0, 1]. The obvious inter-
pretation of the coefficients of upper and lower tail dependence is that these
numbers measure (in the bivariate case) the probability of joint extremes.

So far we have considered notions which by their very definition are of
bivariate nature. We now focus on the spectral measure which give us a way
of describing asymptotic dependence in a genuinely multivariate context.
The spectral measure is closely associated with the notion of a regularly
varying random vector. The concept of regularly varying functions naturally
appear in the theory of univariate extreme value theory through the theorem
of Gnedenko, see appendix A. Recall that a function L is said to be slowly
varying if and only if for all positive x

lim
t→∞

L(tx)

L(x)
= 1

An example of a slowly varying function is log(1+x). The function 2+sin(x)
is not slowly varying.

Definition 6 (Regularly varying) A univariate random variable X and
its distribution function F are said to be regularly varying with index 1/ξ > 0
if there exists p, q ≥ 0, p + q = 1, and a slowly varying function L such that
for all x > 0

lim
t→∞

P [X > tx]

P [|X| > t]
=

L(tx)

L(x)
x−1/ξ = px−1/ξ

lim
t→∞

P [X ≤ tx]

P [|X| > t]
=

L(tx)

L(x)
x−1/ξ = qx−1/ξ
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In the univariate case we are moving along the real line. The points
{−1, 1} may be referred to as the degenerate sphere. Using a minute of
thought one realizes that a univariate random variable X and its distribution
function F are regularly varying with index 1/ξ > 0 if and only if there is a
probability measure µ on the sphere {−1, 1} such that for all x > 0

lim
t→∞

P [|X| > tx, X/|X| ∈ S ⊂ {−1, 1}]
P [|X| > t]

= x−1/ξµ(S)

In this degenerated case µ(−1) = p and µ(1) = q. We can now generalize
the notion of regularly varying random variable to higher dimensions.

Definition 7 (Multivariate regular variation) A random vector X =
(X1, ...., Xn) is said to be a multivariate regular variation with index 1/ξ > 0
if there exists a random vector Θ with values in the n − 1-dimensional unit
sphere Sn−1 such that for all x > 0, S ⊂ Sn−1

lim
t→∞

P [|X| > tx, X/|X| ∈ S]

P [|X| > t]
= x−1/ξP (Θ ∈ S)

The distribution of Θ is called the spectral measure. It is important to
point out that the concept of convergence is that of vague convergence and
as such the question of the speed of convergence is non-trivial. Note also
that in the definition we use the Euclidean norm for normalization hence
the standard unit sphere appears. Suppose now that we have two different
norms || · ||1 and || · ||2 in Rn and a random vector X = (X1, ...., Xn). One
may prove that X is multivariate regular variation with index 1/ξ > 0 with
respect to the norm || · ||1 if and only if X is a multivariate regular variation
with index 1/ξ > 0 with respect to the norm || · ||2. Still the shape of the unit
sphere as well as the mass distribution of the spectral measure depends on the
norm. Note also that considering the points on the sphere which symbolizes
the coordinate axis we conclude that a multivariate regular varying vector
must have the same polynomial decay in all coordinate directions. Hence,
if considering a vector of random variables all having polynomial decay we
must standardize the marginals if we want to be able to model the joint
distribution using the concept of multivariate regularly varying vector. For
details on multivariate regular variation and spectral measures we refer to
Resnick (1987).
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3.2.2 Elliptic copulas/distributions

Elliptic copulas naturally generalize the dependence structure induced by
the multivariate normal model and as such elliptic copulas are tractable for
practical applications. At the current state of research elliptic copulas does
seem, unless we use restrictive blocking maps, to be one of the few classes
of copulas which can handle the scale of financial applications. Let X =
(X1, ...., Xn)t be a random vector. The characteristic function of X is simply
the Fourier transform,

ψ(ζ) = E[exp(iζtX)] =
∫

Rn

exp(iζtx)f(x1, ...., xn) dx1....dxn

with f being the density of the distribution function of the vector X (assum-
ing that the density exists). Here ζt = (ζ1, ...., ζn).

Definition 8 (Spherical distributions) A random vector X = (X1, ...., Xn)t

is said to have a spherical distribution if and only if its distribution function is
invariant under the orthogonal group. I.e., for every element U ∈ O(n) (the
orthogonal group in dimension n, i.e. all matrices fulfilling UU t = U tU = I)
the random variable UX has the same distribution as X.

A consequence of this definition is that a spherical distribution has a
characteristic function of the form ψ(ζ) = φ(|ζ|2) for some function φ. This
function is called the generator of the spherical distribution and as a con-
sequence if X has a density this density will be constant on spheres. I.e.,
the contours of the density are spheres. The class of n-dimensional random
vectors X being spherically distributed with generator φ is denoted by Sn(φ).
By the invariance under the orthogonal group it follows that X ∈ Sn(φ) if and
only if X has a decomposition X = RU with R and U independent, R ≥ 0
being a non-negative random variable and U being uniformly distributed on
the unit sphere. The equality X = RU holds in terms of distributions. Triv-
ially R is the length of the vector X and U = X/|X|. Spherical distributions
can also be interpreted as mixtures of uniform distributions on spheres of
different radii. Suppose now that we want to investigate the issue of regular
variation, coefficients of tail dependence, Kendall’s tau and Spearman’s rho
for spherical distributions. Consider the ordinary Euclidean norm and using
the notation introduced above, the decomposition X = RU we have

P [|X| > tx, X/|X| ∈ S]

P [|X| > t]
=

P [R > tx, U ∈ S]

P [R > t]
=

P [R > tx]P [U ∈ S]

P [R > t]
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From this we may conclude (as expected) that X is regularly varying index
1/ξ if and only if R is regularly varying index 1/ξ. The spectral measure is
just the ordinary normalized surface measure on the sphere. We now consider
the tail dependence. Note that one important property of X ∈ Sn(φ) is that if
we decompose the vector X = (X1, X2) with X1 being k-dimensional and X2

being n−k-dimensional, then X1 ∈ Sk(φ) and X2 ∈ Sn−k(φ). Hence to calcu-
late any bivariate quantity like Kendall’s tau, Spearman’s rho and the coeffi-
cients of tail dependence we just have to consider a two-dimensional spheri-
cally distributed random variables Z = (Z1, Z2) having generator φ. Trivially
we may choose the parametrization Z = (Z1, Z2) = (R cos(α), R sin(α)) with
α being a uniformly distributed variable on the interval [0, 2π). Let FR be
the distribution function of R. Then,

ΛU(Z1, Z2) = lim
u↗1

P [Z1 > F−1
1 (u)|Z2 > F−1

2 (u)]

is the quantity we want to calculate. If we consider u close to 1 and if we
are moving along the line making 45 degrees with both axes then F−1

1 (u) =
F−1

2 (u) = F−1
R (u). Hence, elementary rules give

ΛU(Z1, Z2) = lim
u↗1

P [Z1 > F−1
R (u), Z2 > F−1

R (u)]

P [Z2 > F−1
R (u)]

But

P [Z2 > F−1
R (u)] =

π/2∫

−π/2

P [R > F−1
R (u)/ cos(θ)]

dθ

2π

∼ 2P [R > F−1
R (u)]

π/2∫

0

(cos(θ))1/ξ dθ

2π

for u close to 1 by the regular variation of R and symmetry of the integrand.
Similarly,

P [Z1 > F−1
R (u), Z2 > F−1

R (u)]

=

π/2∫

0

P [R cos(θ) > F−1
R (u), R sin(θ) > F−1

R (u)]
dθ

2π

∼ P [R > F−1
R (u)](

π/4∫

0

(sin(θ))1/ξ dθ

2π
+

π/2∫

π/4

(cos(θ))1/ξ dθ

2π
)
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= 2P [R > F−1
R (u)]

π/2∫

π/4

(cos(θ))1/ξ dθ

2π

Hence

ΛU(Z1, Z2) =

π/2∫
π/4

(cos(θ))1/ξdθ

π/2∫
0

(cos(θ))1/ξdθ

By symmetry ΛL(Z1, Z2) = ΛU(Z1, Z2) for spherical distributions. We may
conclude that a bivariate elliptic distribution has asymptotic tail dependence
if and only if its radial components is of regular variation. One may also prove
that the coefficient of tail dependence is a decreasing function of 1/ξ which
is natural. It should be noted that apart from notational complexity it is as
straightforward to calculate

ΛU(Z1, ..., Zn, k, n) = lim
u↗1

P [Z1 > F−1
1 (u), ..., Zk > F−1

k (u)|Zk+1

> F−1
k+1(u), ...., Zn > F−1

n (u)]

for any integers 1 ≤ k ≤ n with Z1, ..., Zn being spherically distributed. The
key issue is to introduce spherical coordinates in higher dimensions and keep
track of the relevant parts of the sphere.

We now focus on the Kendall tau. Consider two independent two-dimen-
sional spherically distributed random variables Z = (Z1, Z2) and Z∼ =
(Z∼

1 , Z∼
2 ) having generator φ. Define W = (X,Y ) = (Z1 − Z∼

1 , Z2 − Z∼
2 ).

Obviously W ∈ S2(φ
2), i.e., W is a bivariate spherically distributed ran-

dom variable. Hence we may choose the parametrization W = (X, Y ) =
(R cos(α), R sin(α)) with α being a uniformly distributed variable on the in-
terval [0, 2π) and R being the radial component. Let FR be the distribution
function of R.

P [XY > 0] = P [R2 cos(α) sin(α) > 0] = 1/2

P [XY < 0] = P [R2 cos(α) sin(α) < 0] = 1/2

Hence the Kendall’s tau is zero for every bivariate distribution which is spher-
ical. The same may be proven for the Spearman rho. We may now summarize
our findings in a theorem.
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Theorem 1 (Stylized facts of spherical distributions) Let

X = (X1, ..., Xn)t ∈ Sn(φ)

and let X = RU be its decomposition. Kendall’s tau and the Spearman rho
are both zero for all pairs of components of X and X is multivariate regularly
varying with index 1/ξ if and only if R is regularly varying with index 1/ξ.
Furthermore X is multivariate regularly varying with index 1/ξ if and only
each pair of components (Xi, Xj) has asymptotic tail dependence. In the
latter case,

Λl(Xi, Xj) =

π/2∫
π/4

(cos(θ))1/ξdθ

π/2∫
0

(cos(θ))1/ξdθ

= ΛU(Xi, Xj)

We are now ready to introduce the general class of elliptic distributions.

Definition 9 (Elliptic distributions) A random vector X = (X1, ...., Xn)t

is said to have an elliptic distribution if and only if there exist a vector
µ ∈ Rn, an n× n-matrix Σ and a function φ : [0,∞) →+ (called the genera-
tor) such that the characteristic function of the random vector X − µ equals
φ(ζtΣζ). We write X ∈ En(µ, Σ, φ).

One may prove that X ∈ En(µ, Σ, φ) with rank (Σ) = k if and only if
there exists a spherical distribution Y ∈ Sk(φ) and an n × k matrix A such
that X = µ + AY . Hence, all elliptic distributions are affine transformations
of spherical distributions. By a minute of thought one therefore realizes
that the theorem regarding stylized facts of spherical distributions remains
true for Kendall’s tau and the coefficient of tail dependence with spherical
distributions replaced by a general elliptic distribution. Though, the value
of Kendall’s tau and the coefficient of tail dependence will all depend on the
dispersion matrix Σ = AAT . One can prove (see Hult and Lindskog (2001))
that there is no expression for the Spearman rho which is invariant in the
class of elliptic distributions with identical dispersion matrices. Denoting
the elements in the dispersion matrix with {Σij} and formally defining the

correlation matrix through ρij = Σij/
√

ΣiiΣjj one may repeat the calculation
for the spherical distributions and conclude that the following theorem is true.
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Theorem 2 (Stylized facts of elliptical distributions) Let

X = (X1, ..., Xn)t ∈ En(µ, Σ, φ)

and let X = µ+RAU be its decomposition. Then X is multivariate regularly
varying with index 1/ξ if and only if R is regularly varying with index 1/ξ.
Furthermore X is multivariate regularly varying with index 1/ξ if and only
each pair of components (Xi, Xj) has asymptotic tail dependence. In the
latter case,

Λl(Xi, Xj) =

π/2∫
π/4−arcsin ρij/2

(cos(θ))1/ξdθ

π/2∫
0

(cos(θ))1/ξdθ

= ΛU(Xi, Xj)

Furthermore,

τ(Xi, Xj) =
2

π
arcsin ρij

For general elliptic distribution there is no universal formula for the Spear-
man rho. From the theorem we see that the tail dependence is an increas-
ing function of the formally defined correlation coefficient and a decreasing
function of the parameter 1/ξ. As the correlation coefficient tend to 1 the
coefficient of asymptotic tail dependence tends to its upper bound 1. It is
important to note that even if the correlation coefficient is negative we have
tail dependence, though the tail dependence tends to zero as the correlation
tends to −1. Now consider the special case of a multivariate Student-t distri-
bution with ν degrees of freedom. Sending ν to +∞ we formally recover the
multivariate normal model with the multivariate normal distribution display-
ing asymptotic tail independence. The conclusion is that one way to stress
the probability of joint extremes is by playing with the degrees of freedom
parameter ν and from the point of view of stressing dependence we advocate
the use of a multivariate Student-t copula with ν of the order 1, 2.

Consider now the calculation of spectral measures for elliptic distribu-
tions. Let X ∈ En(µ, Σ, φ) and assuming asymptotic tail dependence. Obvi-
ously when calculating the spectral measure we may without loss of generality
assume that µ = 0. By definition we want to calculate for S ⊂ Sn−1 and
given norm | · | the limit

lim
t→∞

P [|X| > t, X/|X| ∈ S]

P [|X| > t]
=: σ(S)
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The measure σ is the spectral measure giving the distribution of the angle
on the sphere. Obviously,

lim
t→∞

P [|X| > t, X/|X| ∈ S]

P [|X| > t]
= lim

t→∞P [X/|X| ∈ S||X| > t]

From the point of view of dependence during extremes it is reasonable to
consider the following choice of norm. Define

|X|∞ = max{X1/
√

Σ11, ...., Xn/
√

Σnn}
Denoting the marginal distribution of Xi by Fi we may conclude that |X|∞ >
t is for large t equivalent to

{|X1| > F−1
1 (u)

⋃
....

⋃ |Xn| > F−1
n (u)}

for u close to 1. Hence,

lim
t→∞P [X/|X|∞ ∈ S||X|∞ > t]

= lim
u↗1

P [X/|X|∞ ∈ S|{|X1| > F−1
1 (u)

⋃
....

⋃ |Xn| > F−1
n (u)}]

Hence we are interested in the dependence between components given that
at least one component is extreme relative to its marginal distribution. We
need to calculate the limit noting that the unit sphere is now relative to the
norm under consideration. This calculation can be carried out in detail, see
for instance the paper of Hult and Lindskog (2001). That paper is also a
good reference for our treatment of elliptic distributions and for properties
of elliptic distributions.

We close this section on elliptic distribution by summarizing some im-
portant computational properties of the class of elliptic distributions, some
of which we have made use of in our discussion above. All of the following
are proven by minor manipulations on the Fourier transform side. A conse-
quence of these properties is that elliptic distributions supports the standard
Riskmetrics type value at risk calculations and the basic Markowitz portfolio
theory.

Property 1 (The class is closed under affine transformations) If X ∈
En(µ, Σ, φ) and if M is a m× n matrix and w a m-dimensional vector then,

MX + w ∈ En(Mµ + w, MΣM t, φ). (8)
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This follows as ψM(X−µ)(ζ) = φ(ζMΣM tζt).
In the following we consider the partition X = (X1, X2)

t and denote by Σij

for i, j ∈ {1, 2} the naturally defined partition of the covariance matrix Σ.
Essentially Σij contains the covariances between the elements in Xi and Xj.
If the vector X1 has length m then Σ11, Σ12, Σ21 and Σ22 are matrices of
dimensions m×m, k ×m, m× k respectively k × k where k = n−m.

Property 2 (Marginals are elliptic and of the same types) If
X ∈ En(µ, Σ, φ) then,

X1 ∈ Em(µ1, Σ11, φ), X2 ∈ Ek(µ2, Σ22, φ). (9)

Property 3 (The class is closed under conditioning) Assume
X ∈ En(µ, Σ, φ) with Σ strictly positive definite. Then,

X1|X2 ∈ Em(µ∼, Σ∼, φ∼) (10)

where µ∼ = µ + Σ12Σ
−1
22 (X2 − µ2) and Σ∼ = Σ11 − Σ12Σ

−1
22 Σ21.

Let Z = X1|X2. Then

ψZ(ζ) = E[exp(iζtz)] =
∫

Rm

exp(iζtz)f∼(z1, ...zm, zm+1, ..., zn) dz1....dzm.

(11)
Here f∼(z1, ...zm, zm+1, ..., zn) is the conditional density of Z. I.e.,

f∼(z1, ...zm, zm+1, ..., zn) =
fX(z1, ...zm, zm+1, ..., zn)

fX2(zm+1, ..., zn)
(12)

Using this an expression for the generator φ∼ can be written down.
Property 1-3 all deals with the situation of elliptic distributions of the

same type. One may wounder how distributions of different types sing to-
gether.

Property 4 (Linear combinations of elliptic distributions) If
X ∈ En(µ1, Σ, φ1) and Y ∈ En(µ2, Σ, φ2) are independent then for all real
valued constants c1 and c2,

c1X + c2Y ∈ En(c1µ1 + c2µ2, Σ, φ3)

where φ3(ζ) = φ1(c
2
1ζ)φ2(c

2
2ζ)
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Property 5 (Dependence only through the radial component) Let X ∈
En(µ1, Σ, φ1) and Y ∈ En(µ2, Σ, φ2) have decompositions X1 = µ1 + R1A1U1

and X2 = µ2 +R2A2U2. If U1 and U2 are independent then for all real valued
constants c1 and c2,

c1X + c2Y ∈ En(c1µ1 + c2µ2, Σ, φ3)

for a new generator φ3(ζ).

Details on the last property, as well as an analytic expression for the
generator φ3(ζ) in terms of the two original generators, can be found in the
paper of Hult and Lindskog (2001).

3.2.3 Complete empirical distributions

In this section we describe what we call the complete empirical distribution.
This construction will be built and derived from the results of multivariate
extreme value theory. The relation between the theory of multivariate EVT
and regular variations is described in the book of Resnick (1987).

Essentially the multivariate extreme value theory is analogous to the uni-
variate case with the exception that we consider vectors instead of just com-
ponents. Consider m -dimensional vectors X = (X(1), ...., X(m)) and in the

following let X1, ...., Xn (i.e., Xj = (X
(1)
j , ...., X

(m)
j )) be n observations from

n independent and identically distributed m-dimensional random variables
(IID random variables) with multivariate distribution function F . Initially
we consider the following object:

Mn = max{X1, ...., Xn} = (max{X(1)
1 , ...., X(1)

n }, ...., max{X(m)
1 , ...., X(m)

n })
Hence, Mn = (M (1)

n , ...., M (m)
n ) is a random vector depending on the length n

of the sample and we are interested in understanding its asymptotic behavior
as n →∞. By definition we will initially focus on observations in the upper
tail of the underlying distribution.

Definition 10 Suppose that there are sequences {an = (a(1)
n , ...., a(m)

n }) and
{bn = (b(1)

n , ...., b(m)
n })} and a distribution G with non-degenerated marginals

Gi such that for some non-degenerated limit distribution G(x) we have,

lim
n→∞P

(
M (i)

n − b(i)
n

a
(i)
n

≤ x(m), i = 1, ..., m

)
= G(x), x ∈ Rm
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The set of all such functions G are called multivariate extreme value distri-
butions.

Denote by F the underlying distribution function of X = (X(1), ...., X(m))
and by Fj the marginal distribution of component j. We assume for simplicity
that F−1

j exists for every j. Hence, using the notion of copulas the underlying
dependence structure is,

CF (u1, ...., um) = F (F−1
1 (u1), ...., F

−1
m (um))

An obvious consequence of the definition of multivariate extreme value dis-
tributions is that each marginal Gi is a univariate extreme value distribution
for component i. I.e., there exist ξi ∈ R, µi ∈ R, σi ∈ R+ such that

Gi(x) = Γξi,µi,σi
(x)

with

Γξ,µ,σ(x) = exp


−

(
1 + ξ

(x− µ)

σ

)−1/ξ

+




and hence
CG(u1, ...., un) = G(G−1

1 (u1), ...., G
−1
m (um))

may be referred to as a multivariate extreme value copula. We will in the
following assume that for simplicity ξ > 0 so that all marginals are Frechet.
This is the situation that is relevant for most financial variables. We initially
make an important transformation to uniform marginals. That is, we let

ψi(xi) =
σi

ξi

(xξ
i − 1) + µi

and consider
G∗(x1, ...., xm) = G(ψ1(x1), ...., ψm(xm))

By construction G∗ is a m-dimensional multivariate distribution having marginal
distributions Gi(ψi(xi)) = exp(−x−1

i ). Hence, G∗ has uniform marginals
and G∗ is a multivariate EVT distribution if and only if G is a multivari-
ate EVT distribution. We have defined the underlying multivariate distri-
bution function F to have marginals F1, ..., Fm. Define for i = 1, ..., m,
Ui(xi) = 1/(1−Fi(xi)). Obviously if the range of Fi is the unit interval then
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the range of Ui is [1,∞). Now define F∗ to be the distribution function of(
U1(X

(1)), ...., Um(X(m))
)
. By construction,

F∗(x1, ...., xm) = F (U−1
1 (x1), ...., U

−1
m (xm))

Note that F∗ has uniform marginal distributions defined by the function
1−1/xi. The idea of the uniformization of marginals is that we want F∗j = H
for some function H and all j = 1, ...., m. Obviously this can be achieved in
many different ways. Note that the two normalization of marginals can for
obvious reasons not be carried out independent of each other. Furthermore
if F is in the domain of attraction of G, then F∗ will be in the domain of
attraction of G∗. Defining two new copulas after the standardization

CG∗(u1, ...., um) = G(− ln(u1), ....,− ln(um))

CF∗(u1, ...., um) = F (1− 1

u1

, ...., 1− 1

um

)

we may conclude that,

CG(u1, ...., um) = CG∗(u1, ...., um)

CF (u1, ...., um) = CF∗(u1, ...., um)

Hence focusing on dependence structures the normalization has no effect.
Using the fact that the class of extreme value distribution is identical with
the class of max-stable distributions one may derive the following identity

G∗(x1, ...., xm) = (G∗(tx1, ...., txm))t

for all positive real numbers t. Using this we may conclude the following
homogenity property of the extreme value copula G∗.

Ct
G∗(u1, ...., um) = CG∗(tu1, ...., tum)

Based on this the following connection between multivariate EVT and regular
variations can be proven, see Resnick (1987).

Theorem 3 Consider after transformation to uniform marginals as above
the distribution G∗ as well as the distribution F∗. Then F∗ is in the domain
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of attraction of G∗ if and only if 1−F is regularly varying on the cone [0,∞]m

and for all x ∈ [0,∞]m

lim
t→∞

1− F∗(tx)

1− F∗(t1)
=

log G∗(x)

log G∗(1)

Furthermore F is in the domain of attraction of G if and only if the marginals
of G are equal to Gi and F∗ is in the domain of attraction of G∗.

For simplicity we introduce the discrete Lp-norms. For p ∈ [1,∞) we
define the length of x = (x1, ...., xm) by,

||x||p =




m∑

j=1

|xj|p



1/p

||x||∞ = max{|x1|, ...., |xm|}
Let U(X) denote the stochastic vector (U1(X

(1)), ...., Um(X(m)). One may
furthermore prove that the relation between F∗ and G∗ stated in the theo-
rem is equivalent to the statement that for each p ∈ [1,∞), there exists a
probability measure µ = µp defined on the spherical cap Sm−1∩ [0,∞)m such
that for all r > 0, S ⊂ Sm−1 ∩ [0,∞)m

lim
t→∞

P [||U(X)||p > tr, U(X)/||U(X)||p ∈ S]

P [||U(X)||p > t]
= r−1µ(S).

We could then naturally define a random variable Θ with values in Sm−1 ∩
[0,∞)m having a distribution function defined by the measure µ. In fact we
could write U = RΘ by introducing spherical coordinates. The measure µ is
called the spectral measure under the norm || · ||p and obviously the shape of
the unit sphere depends on the choice of norm. Hence, we can conclude that
after transformation of the components of the vector X using its univariate
marginals, the tail dependence is described by the spectral measure. Rewrit-
ing the relation above (omitting issues of uniformity of convergence)we have
for some large t0 that for all r > 1, S ⊂ Sm−1 ∩ [0,∞)m

P (||U(X)||p > t0r, U(X)/||U(X)||p ∈ S|||U(X)||p > t0) ∼ r−1µ(Θ ∈ S)

This relation states that conditioned on the event that we are in the tail the
spectral measure describes the tail dependence. Hence for large t0

P (||U(X)||p > t0r, U(X)/||U(X)||p ∈ S) ∼ r−1µ(Θ ∈ S)P [||U(X)||p > t0]
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Let us shortly remind ourselves about the univariate situation. In the uni-
variate case we used the generalized Pareto distribution in order to estimate
the underlying distribution F near its upper tail. In that case

1− F (x) = (1− F (u))(1− Fu(x))

where
Fu(x) = P (X ≤ x|X > u)

Here we consider large x and we have to make a choice for the threshold
u, i.e., we have to decide where the tail “is to start”. Starting from our
original sample of n points sorted according to their size, i.e., Xn,n ≤ .... ≤
X1,n. We suppose that the upper tail is defined by an integer k << n and
hence we consider Xk,n ≤ .... ≤ X1,n to be the observations in the tail of
the distribution. I.e., we pick u = Xk+1,n to be our threshold. A natural
estimator for 1− F (u) being k/n. Using the Generalised Pareto distibution
for the tail we conclude, for x > u, the following estimate of the distribution
function F (x)

F̃ (x) = 1− k

n

(
1 + ξ̃

(x−Xk+1,n)

β̃

)−1/ξ̃

+

where ξ̃ and β̃ are estimates of the parameters in the GP-distribution. The
result above for U(X) = (U1(X

(1)), ...., Um(X(m)) is a multivariate version of
this. In the multi-dimensional case t0 may be referred to as the threshold and
by considering large r we are ”far into the tail”. Hence with t0 we determine
where the multidimensional tail of U(X) starts and r−1σp(·) is the analogy
of the GP-distribution for the standardized vector U(X). Any estimate of
the spectral measure is furthermore depending on the choice of threshold t0
in the same way as the parameters ξ̃ and β̃ of the univariate GP-distribution
are.

Based on the discussion above it is natural to define a model in the
following way. We consider in the following the L2-norm and define a random
vector by R = ||U(X)||2. Using higher dimension spherical coordinates we
decompose U(X) = RΘ with Θ a random variable on the sphere. We consider
random variables RΘ having a distribution fulfilling

P (R > t0r, Θ ∈ S) = r−1µ(Θ ∈ S)P [R > t0]

for r > 1 and some fixed t0 large. Here we initially only consider S ⊂ Sm−1∩
[0,∞)m. Assuming that R and Θ are independent (this is not necessarilly
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a loss of generality as we are considering an asymptotic situation) we may
conclude that R is just a univariate regularly varying function with index
equal to one and Θ is a random vector on the set Sm−1 ∩ [0,∞)m with a
distribution described by the spectral measure µ (which by definition is a
probability measure).
How can we make use of such a model? We assume t0 to be fixed and define
for 0 ≤ r ≤ t0, FR(r) to be identical to the empirical distribution function.
For t0 < r < ∞ we define

FR(r) = 1− t0
r

(1− FR(t0))

Hence the distribution function for the radial component is defined. We now
have to specify the measure µ and hence the distribution for the spherical
component Θ. Define M+ to be the set of all probability measures defined on
the spherical cap Sm−1 ∩ [0,∞)m which is absolutely continous with respect
to the surface measure σ. I.e., dµ = hdσ for some function h such that µ is a
probability measure. Fixing µ ∈ M+ we now want to simulate a sample of Θ,
i.e., a angle, consistent with µ. We define M to be the set of all probability
measures µ∼ defined on the unit square [0, 1]m−1 and such that for all Borel
sets B in [0, 1]m−1, µ∼(B) = µ(Π−1(B)) for some measure µ ∈ M+. Here
Π−1 is the inverse of the projection Π : Sm−1 → [0, 1]m−1. From the point of
view of simulation we hence just need to simulate a sample from a stochastic
variable Θ∼ having a probability distribution defined by µ∼ and a density
h∼ with respect to the Lebesgue measure dx1, ..., dxm−1. Basically Θ∼ is a
random vector defined on [0, 1]m−1 and having a density h∼ with support
{x2

1 + ... + x2
m−1 ≤ 1}. Assuming that we can simulate a sample for Θ∼ we

can lift it to the sphere and get a sample of Θ. Having simulated a direction
Θ and a radius R we have a sample of U = RΘ. Using this we have for
each i, Fi(Xi) = 1− 1/Ui. Further inverting this relation we get a sample of
the coordinate Xi. Here in general Fi should be the empirical distribution
function of the GARCH filtered residual process completed with univariate
extreme value theory, as described in the section on the modelling of the
univariate marginal distributions.

So far we have only considered the tail of F in the part of space defined
by [0,∞)m. Basically there are 2m-”quadrants” to consider. Consider the set
Bm of all m-dimensional vectors having components which can only assume
the value 1 or -1. Each of the 2m-”quadrants” can obviously be described by
a unique vector q ∈ Bm and so far we have only considered q = (1, 1, ...., 1).

31



The part of the sphere which is located in the quadrant q is denoted S(q).
Recall that X = (X(1), ...., X(m)) is our original random vector and define for
each q ∈ Bm,

Y = Y (q) = (q1X
(1), ...., qmX(m)) = (Y (1), ...., Y (m))

We now redo the operations above with the vector Y instead of X. Y has
distribution H and marginals H1, ...., Hm. Note that Hj = qjFj(Y

(j)) +
χ(qj) where χ(s) is a univariate function fulfilling χ(1) = 0 and χ(−1) = 1.
Furthermore,

U(q)(Y ) = (U1(q1)(Y
(1)), ...., Um(qm)(Y (m)))

has distribution H∗(q) and marginals H∗1, ...., H∗m. Again this is a uni-
formization of marginals. Analogously we also standardize the tails. In fact
we define

ψi(qi)(yi) =
σi(qi)

ξi(qi)
(y

ξ(qi)
i − 1) + µi(qi)

and consider

G∗(q)(y1, ...., ym) = G(q)(ψ1(q1)(y1), ...., ψm(qm)(ym))

By construction G∗(q) is an m-dimensional multivariate distribution which
for each q is defined in the quadrant [0,∞]m even though we consider the
tail behavior of the underlying vector X in the quadrant defined by the
vector q. Again G∗(q) has uniform marginal distributions Gi(qi)(ψi(qi)(yi)) =
exp(−y−1

i ). We may therefore conclude that for each p ∈ [1,∞), there exists a
probability measure µ(q) = µp(q) defined on the spherical cap Sm−1∩[0,∞)m

such that for all r > 0,S ⊂ Sm−1 ∩ [0,∞)m

lim
t→∞

P [||U(q)(Y (q))||p > tr, U(q)(Y (q))/||U(q)(Y (q))||p ∈ S]

P [||U(q)(Y (q))||p > t]
= r−1µ(q)(S)

Again we define a random variable Θ with values in Sm−1 ∩ [0,∞)m having
a distribution function defined by the measure µ(q). In fact we could write
U(q) = R(q)Θ(q) = RΘ by introducing spherical coordinates. Hence R =
||U(q)||2. Consider random variables RΘ having a distribution fulfilling

P (R > t0r, Θ ∈ S) = r−1µ(q)(Θ ∈ S)P [R > t0]
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for r > 1 and some fixed t0 = t0(q) large. Assuming again that R(q) and
Θ(q) are independent we may conclude that R(q) is just univariate regularly
varying function with index equal to one and Θ(q) is a random vector on
the spherical cap Sm−1 ∩ [0,∞)m. For each q we have a threshold t0 = t0(q)
and choosing t0 as the largest of these we can consider a uniform threshold.
To draw a sample in the quadrant defined by q we repeat the procedure
described above hence generating a sample of (Y (1), ...., Y (m)). Then

(X(1), ...., X(m)) =
(
q1Y

(1), ...., qmY (m)
)

We may now summarize our construction discussed above.

Definition 11 (Multivariate distributions consistent with multivariate EVT)
We say that a m-dimensional random vector Z has a distribution consistent
with multivariate extreme value theory if there exists a threshold t0 such that
for every q ∈ Bm there exists a random variable R = R(q) and a random vec-
tor Θ = Θ(q) defined on the spherical cap Sm−1 ∩ [0,∞)m through a spectral
measure µ = µ(q) ∈ M+ such that Z|Z ∈ S(q) = RΘ and

P (R > t0r, Θ ∈ S|Z ∈ S(q)) = r−1µ(Θ ∈ S)P [R > t0|Z ∈ S(q)]

for r > 1.

Using this we now define the notion of completed empirical distributions
as follows

Definition 12 (Complete empirical distributions) Let Z be a m-dimen-
sional random vector having a distribution consistent with multivariate ex-
treme value theory and having threshold value t0. The distribution function
of Z is said to be a completed empirical distribution function if for all sub-
sets B ⊂ {||Z|| ≤ t0} the probability P (Z ∈ B) is given by integration of an
interpolated empirically constructed density.

Remark 4 In what we have described above the set of all random variables
U(q), q ∈ Bm could be used to construct a m-dimensional random vector
Z having a distribution consistent with multivariate extreme value theory.
Completing this with an empirically constructed distribution for the variables
U(q) we would end up with a random variable Z having a complete empirical
distribution.
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We also define a blocking map which is a natural object to consider if one
wants to reduce the degrees of freedom in the modelling of co-dependence.
Let X = (X(1), ...., X(n)) be the n-dimensional vector we want to create a
probabilistic model for, each X(j) representing a risk factor. Let Γ be a
blocking map Γ : {1, ...., n} → {j1, ...., jm} where m < n. Hence, we will
reduce the degrees of freedoms in our probabilistic model from n to m using
the upper Frechet copula within the m blocks. Let X∼ = (X(j1), ...., X(jm))
be the vector of core risk factors on which we will base our model. Let
Z be a m-dimensional random vector having a completed empirical distri-
bution function with the empirical part based on the quadrant dependent
transformations U(q) acting on X∼. Hence Z has a completed empirical dis-
tribution function based on empirical data of the transformed core risk fac-
tors X∼ = (X(j1), ...., X(jm)). To generate a sample of X = (X(1), ...., X(n))
we now proceed in the following way. First we generate a sample z from
the distribution of Z in the way described above. This gives us a vec-
tor z = (u1, ...., um). Let for each k ∈ {1, ..., n}, yk = ui if Γ(k) = ji.
Hence we get a sample y = (y1, ...., yn) of the transformed marginals consis-
tent with the blocking map Γ. From the sample y = (y1, ...., yn) we get
a sample of x = (x1, ...., xn) by inverting the marginals, i.e., by solving
xk = F−1

k (1− 1/yk).
To summarize, the idea of complete empirical distributions is as follows.

Consider m-dimensional vectors X = (X1, ...., Xm) and suppose that we are
considering joint extremes of the components, we initially focus on “the upper
left multivariate tail”. Conducting an initial standardization of the univari-
ate tails using the marginal distributions we consider standardized stochastic
vectors. We then construct a multivariate distribution for the standardized
vector by using an interpolated empirical density in the ”middle” of the dis-
tribution and then we complete the empirical distribution in the multivariate
tail by choosing spectral measures for each ”quadrant”. To reduce the de-
grees of freedom in such a construction we suggest the use of a blocking
map. The blocking map is simply a partition of all the underlying risk fac-
tors into blocks displaying perfect positive dependence within blocks. We
pick a certain risk factor as the representative of the block. We then model,
as described above, the vector of standardized representatives. Simulation
from the model is done by simulating a stochastic degree of freedom for each
block. This degree of freedom is then mapped to a move in each of the in-
dividual risk factors in the block using the marginal distributions. Hence,
the blocking map only acts on the level of co-dependence and not on the
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univariate marginals.

3.3 Information Hypercubes

By definition an information hypercube consists of a set of core risk factors
and pre-defined future paths of these risk factors. In the construction of for
example ad-hoc or systematic stress test the paths or static shifts populating
the hypercube can be chosen in two different ways:

• By setting down a model for the risk factors and picking one point on
the level surface representing a certain quantile. This immediately gives
us the waiting time and probability of the hypercube by construction.

• Just set down certain static shifts based on experience and belief and
then use the model to quantify the waiting time for the hypercube.

We advocate the second approach since, as we have already emphasized,
one of the main points of the hypercube is to facilitate communication be-
tween risk managers and macroeconomical expertise. Indeed, it is our experi-
ence that an approach to hypercube construction based on sound economical
reasoning yields value-added over simply quantitative approaches. As an ex-
ample of this approach consider an ad-hoc stress test triggered by an upcom-
ing election. The actual population of the cube(s) could benefit substantially
from the economists of the bank judgement about possible future paths of
some fundamental market factors, conditioning on the different outcomes
of the election. The economists subjective probability of the paths as well
as the model based cumulative event probabilities provide useful additional
information for the risk manager.

It is by now quite clear from our setup that whenever one wants to con-
struct a number of scenarios from a model conditioning on an information
hypercube one has to decide what risk factors to output, how many stochastic
degrees of freedom one wants to keep in the model for dependence (i.e how
restrictive blocking map one should use) and, in particular, the ”causality” of
the events in the cube. With causality we mean for instance that it may not
in general be relevant to view Swedish interest rates as the driver of general
Eurozone interest rates. Rather an overall increase in Eurozone interest rates
could drive Swedish interest rates higher. Hence, if we want to simulate a
general increase in the interest rates in Europe we should probably condition
on an information hypercube containing the most important interest rates
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in the Eurozone and not Swedish interest rates. On the other hand focusing
on a purely domestic situation we could condition on moves in just Swedish
interest rates. In this case general interest rates in the Eurozone should prob-
ably not be part of the model i.e., of the output. Using the same reasoning
when building a scenario on an hypercube containing a large boom in the
Ericsson stock we must initially clarify the context within which this boom
occurs. Are we simulating a full-scale stock market boom? Is it a boom just
in the telecom sector? Is it simply a company specific boom? Is the boom
part of a general flight from bonds to stocks? Is it reasonable to include
an effect on the exchange rates? Such considerations must be straigthened
out in order to achieve a sensible causality in the simulation and as such a
sensible set of scenarios.

4 Calibration of parameters

In this section we have collected essential issues of estimation, i.e., the aspects
of statistical inference and properties of relevant estimators. Our general idea
is to use GARCH filtration for univariate marginals in order to get residual
vectors

zt = (z1t, . . . , znt) (13)

We then model each individual residual component using EVT and in the
second step we focus on the dependence structure between the components
in the residual vector. The result of this filtration is that we may assume
the hypothesis of IID zt over time is approximately true (i.e., we may set
up the likelihood). Therefore we first consider calibration of parameters in
univariate GARCH models and the maximum likelihood estimation of the GP
distribution where in particular we focus on the choice of threshold. Next
we proceed to consider estimation of the parameters of the t-copula, leaving
the degrees of freedom as a free parameter which can be used to define
(subjectively) the amount of tail dependence. Our exposition is, mainly
for pedagogical reasons, limited to the t-copula. For more information on
estimation of copulas we refer to the literature, see in particular relevant
sections and references in Bouye et al. (2000).

Consider the fundamental relation

F (z1, ...., zn) = C(F1(z1), ...., Fn(zn))
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Taking derivatives the density of the copula (assuming that it exists) is given
by

c(u1, ..., un) =
∂nC(u1, ...., un)

∂u1....∂un

and fulfills

f(z1, ...., zn) = c(F1(z1), ...., Fn(zn))
n∏

i=1

fi(zi)

Hence the log-likelihood can be written as

l = ln c(u1, ..., un) +
n∑

i=1

ln fi (zi)

where we have suppressed the dependence on parameters for convenience.
Note that the likelihood (for a sample of T observations) is well-defined here
by the hypothesis of IID zt across time and since uj = Fj(zj). In what
follows we consider a two-step approach to estimation. In the first step we
calibrate the GARCH parameters to data and estimate the parameters of
the GP distribution. In the second step the parameters of the t-copula are
estimated. This is, of course, not the most efficient approach to inference
but the present method has the advantage of being feasible for large-scale
applications.

4.1 Marginal density

4.1.1 GARCH

Under the additional assumption of normality of the filtered residuals in the
parametric model (4) it is straightforward to set up the marginal likelihood
function and obtain estimates of the parameters. But as indicated earlier
normality is not supported by data. Nevertheless under mild moment con-
ditions on the filtered residuals (and stationarity conditions on the GARCH
process) the normal likelihood may still serve as a vehicle for obtaining con-
sistent parameter estimates although the resulting estimator is certainly not
minimum variance in the class of consistent and asymptotically normal esti-
mators. The estimator is usually referred to as a quasi maximum likelihood
estimator.

In our approach the efficiency of the filtering process, i.e., the construction
of zt, is of paramount importance. This is so because the filtered residuals
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serve as an input to both the EVT tail estimation and the copula estima-
tion. This suggests that we should search for an estimator which is more
efficient under non-normality and as efficient as quasi maximum likelihood
under normality. Such an estimator exists, it is based on the Generalized
Method of Moments (GMM) principle. That is, it does not make specific
assumptions about the distribution (of zt) but proceeds by postulating con-
ditional moments. We discuss this estimator only briefly here and refer to
Skoglund (2001) for details.
Define the raw vector

rt = [εt,
(
ε2

t − h2
t

)
]′

and the generalized vector,

gt = F ′
trt

where Ft is a so-called instrumental variable function.
The GMM estimator of a parameter vector θ is then a solution to

min
θ∈Θ

[
T−1

T∑

t=1

gt

]′
WT

[
T−1

T∑

t=1

gt

]

with WT = T−1 ∑T
t=1 Wt being an appropriate weighting matrix. An efficient

choice of instrumental variable function and weighting matrix corresponds to

choosing Ft = Σ−1
t (∂rt

∂θ′ ) and Wt = (
∂r′t
∂θ

)Σ−1
t (∂rt

∂θ′ ) where Σt = var(rt) and (∂rt

∂θ′ )
is the Jacobian matrix. The objective function for an operational efficient
GMM estimator is then given by

QT = T−1

[
T∑

t=1

gt

]′ ( T∑

t=1

Λt

)−1 [
T∑

t=1

gt

]

where Λt = gtg
′
t
4. Denoting by vk = Ezk

t the generalized moment, gt is
explicitly written

gt =
1

∆




(
∂h2

t

∂θ

)
h−2

t

[
v3

εt

ht
−

(
ε2
t

h2
t
− 1

)]

+
(

∂εt

∂θ

)
h−1

t

[
εt

ht
(v4 − 1)− v3

(
ε2
t

h2
t
− 1

)]

 (14)

4The estimator is equivalently defined by T−1
∑T

t=1 gt and QT . However QT has the
advantage of being invariant to non-singular linear transformations and is the preferred
choice in practice.
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with ∆ = [(v4 − 1)− v2
3] and the derivatives

∂h2
t

∂θ
, ∂εt

∂θ
are computed recur-

sively.
Application of the GMM estimator requires an initial guess on the third

and fourth moments of zt. That is, we require an initial estimator of the pa-
rameter vector θ. For this purpose it is convenient to use the quasi maximum
likelihood estimator to obtain initial consistent estimates. In this regard we
can view efficient GMM as updating the quasi-maximum likelihood estima-
tor (adapting the initial estimator) to get more efficient estimates of the
parameters and hence also the filtered residuals.

4.1.2 EVT

Having completed the calibration of GARCH parameters and hence obtained
sequences of filtered residuals we now consider estimation of the tail behavior
of a particular one of these sequences.

In general one can divide EVT applications into two groups; either one
looks at those events in the data that exceed a high threshold or one divides
the data into consecutive blocks and focuses on the series of maxima (minima)
in these blocks. It is our view that modelling the extremes beyond a certain
threshold may in general allow for more efficient usage of extreme value
information than that given by an analysis of say annual maxima data, which
excludes from inference many events that did not happen to be the largest. Of
course, to some extent it is true that the extreme value information generated
by the two procedures depend on the choice of block size (for the block-
maxima method) and the choice of threshold (for the peaks over threshold
method). Coles (2001) apply the two methods to the analysis of Venezuelan
rainfall data and concludes that the peaks over threshold method yields more
reliable information than an analysis of annual maxima. In what follows we
focus on the peaks over threshold method.

The crucial question in applying the peaks over threshold method is how
to make use of Generalized Pareto distributions in an estimate of the tail of
the unknown distribution function F (z).
By definition

Fu(z) = P (Z ≤ z|Z > u) =
F (z)− F (u)

1− F (u)
(15)

Hence
1− F (z) = (1− F (u))(1− Fu(z)) (16)
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We now want to make use of extreme value theory in an estimate of the tail
for large z. In order to do so we have to make a choice for the threshold u, i.e.,
we have to decide where the tail “is to start”. Consider our original sample
of n points sorted according to their size, i.e., Zn,n ≤ .... ≤ Z1,n. Suppose
that we let the upper tail be defined by an integer k < n hence considering
Zk,n ≤ .... ≤ Z1,n to be the observations in the tail of the distribution. This
implies that we choose u = Zk+1,n to be our threshold. A natural estimator
for 1 − F (u) being k/n. Using the GP distribution for the tail we get, for
z > u, the following estimator of the distribution function F (z)

F̃ (z) = 1− k

n

(
1 + ξ̃

(z − Zk+1,n)

β̃

)−1/ξ̃

+

(17)

where ξ̃ and β̃ are estimates of the parameters in the GP distribution. Given
this as an estimate for the upper tail of the distribution function we solve
the equation q = F (zq) for q > 1 − k/n i.e., for high quantiles. Using the
formula above we get

z̃q = z̃q,k = Zk+1,n +
β̃

ξ̃




(
1− q

k/n

)−ξ̃

− 1


 (18)

Let us point out that for z ≤ u we choose the EDF as an estimate for F (z).
It is obvious that all the estimates stated above are depending on the size
of the sample, n, and on the threshold u implicitly through k. There is
furthermore a trade-off when choosing the size of the quotient k/n. If this
quotient is too small we will have too few observations in the tail, giving rise
to large variance in our estimator of the parameters in the GP-distribution.
If the quotient is very large the basic model assumption, i.e., the fact that
from the point of view of the asymptotic theory k(n)/n should tend to 0,
may be violated. Hence there is a delicate trade off when choosing k. What
one therefore have to do is to construct an estimator of the parameters ξ̃ and
β̃ based on the data and a choice of k and then understand the stability of
the estimators with respect to the choice of k.

In the literature there are several estimators of the parameters in the
GP-distributions. By the likelihood principle there is however no reason to
consider other estimators than Maximum Likelihood (ML). We can then find
estimates of the parameters ξ̃k and β̃k using the standard maximum likelihood
approach. Provided that ξ > −1/2 the ML estimator of the parameters is
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consistent and asymptotically normal as the number of data points tends to
infinity.

As emphasized several times already the key issue when applying EVT is
the choice of threshold. This is because since we have no natural estimator of
the threshold we in fact have to assume, arbitrarily of course, that the tail of
the underlying distribution begins at the threshold u. Given the choice of u,
k < n sample points will exceed this threshold. In practice we will however
choose a fraction k/n of the sample, hence implicitly choosing a threshold u
as the integer value of [(k + 1)n]. In a step of estimation the ML estimator
is fitted to the excesses over that threshold. Hence the data used is

{
Z1,n − Z(k+1,n), . . . , Zk,n − Z(k+1,n)

}
(19)

To evaluate the finite-sample properties of the ML estimator (i.e., sensi-
tivity to threshold and sample size) McNeil and Frey (2000) and Nyström
and Skoglund (2001) conducted Monte-Carlo experiments for various distri-
butions and sample sizes. The results were encouraging in all cases, the ML
estimator was almost invariant to the choice of threshold within reasonable
limits of k being 5-13% of data. Hence, an automated choice of the number
of sample points to use in the tail is feasible.

4.2 Copula density

Estimating the parameters of a copula or the spectral measure are important
issues in our framework. In this section we will just exemplify the process of
estimating parameters in the t-copula. Again, this is mainly for pedagogical
reasons but also because we find the t-copula particularly interesting when
it comes to large scale simulations and stress testing. This copula is defined
explicitly on the level of its density. For an interesting study in which em-
pirical spectral measures are estimated we refer to Starica (2000). We hope
to return to the issue of estimating spectral measures in a future paper.

Assuming that we have estimated the marginals Fj(zj) for j = 1, . . . , n
with the EDF in the center and the GP distribution in the tails we can apply
the corresponding uniform transformation uj = Fj(zj) to produce a matrix
of uniformly distributed random variables

Un,t =
[
{U1t}T

t=1 , . . . , {Unt}T
t=1

]

where by hypothesis Un,t is IID over time but displays cross-dependence. Our
objective is now to estimate this cross-dependence within the parametric form
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of the t-copula. By definition the t-copula density is given by

c (u1, . . . , un) = |Σ|− 1
2

Γ
(

v+N
2

) [
Γ

(
v
2

)]N (
1 + 1

v
z′Σ−1z

)− v+N
2

Γ
(

v
2

) [
Γ

(
v+1
2

)]N
ΠN

i=1

(
1 +

z2
i

v

)− v+1
2

where Γ (·) is the gamma function, zi = t−1
v (ui), and hence the log-likelihood

(for T observations) can be written as

l = T


ln

Γ
(

v+N
2

)

Γ
(

v
2

)

−NT


ln

[
Γ

(
v
2

)]
[
Γ

(
v+1
2

)]

− T

2
ln |Σ|

−
(

v + N

2

) T∑

t=1

ln
(
1 +

1

v
z′tΣ

−1zt

)

+
(

v + 1

2

) T∑

t=1

N∑

i=1

(
1 +

z2
it

v

)

In principle one could estimate both the ”correlation parameters” and the
parameter of tail dependence (i.e., the degrees of freedom parameter). We
have however found it useful to leave the tail dependence parameter as an
extra degree of freedom of the model which allows us to subjectively define
the amount of ”stress”. In fact, we recognize this as a much more useful
approach to stressing co-dependence than the commonly encountered method
of scaling the elements of the covariance matrix of the multivariate normal
distribution.

Following Bouye et al. (2000) we can now concentrate the likelihood
with respect to v such that ML estimation proceeds by solving the following
non-linear matrix equation

Σ̂ML =
1

T

(
v + N

v

) T∑

t=1

z′tzt(
1 + 1

v
z′tΣ̂

−1
MLzt

) (20)

and a natural set of starting values is obtained by choosing v = {+∞} in
which case the non-linear matrix equation (20) reduces to

Σ̂ML =
T∑

t=1

z′tzt

which we immediately recognize as the ML estimator of the normal copula.
The normal copula estimates therefore provide natural starting points.
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5 Simulation

We here describe the general algorithm for simulation within our model.
Assume that the parameters in each marginal model have been estimated

and that the copula density has been specified and parameters calibrated.
That is, the following steps of estimation have been completed.

1. Estimate the parameters of the marginal risk factor models and the
GARCH processes.

2. Construct sequences of filtered residuals and estimate the parameters
of the GP distributions.

3. Transform the marginal distributions to uniforms with the EDF distri-
bution in the center and the GP distribution in the tails.

4. Estimate the parameters of the copula.

Next we proceed to the simulation stage. The simulation stage within
our framework involves the following operations

1. Simulate from the copula conditioning on an information hypercube.

2. Transform to the marginals by using the EDF in the center of the
distribution and GP tails (one possibility to reduce discreteness here is
to smooth the EDF with a kernel i.e., smoothed bootstrap). A further
translation and scale operation then obtains the simulated riskfactor
values.

Of these operations the second one is of course trivial and we will focus
on the first one which may or may not be trivial.

Consider the random vector (Z1, ...., Zn) having joint distribution func-
tion F (z1, ...., zn) and continous marginal distributions F1, ...., Fn where the
multivariate distribution is being constructed from the marginals and a cop-
ula. That is, we have the representation,

F (z1, ...., zn) = C(F1(z1), ...., Fn(zn))

and we now want to describe how to simulate a sample (Z∼
1 , ...., Z∼

n ) from
this model assuming that we have induced a conditioning on an hypercube.
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Assume therefore that we are conditioning on the variables (Zn−m, ...., Zn),
i.e., we condition on m + 1 components (component vectors if multi-step)
and hence (Zn−m = Z∼

n−m, ...., Zn = Z∼
n ) is pre-described. This implies

that the transformed marginals (Un−m, ...., Un) are predescribed to (Un−m =
U∼

n−m, ...., Un = U∼
n ) through the relations (U∼

n−m = F1(Z
∼
1 ), ..., U∼

n = Fn(Z∼
n )).

Define

C∗(u1, ...., un−m−1) = C(u1, ...., un−m−1|un−m = U∼
n−m, ...., un = U∼

n )

so that C∗ is a new distribution function constructed from the original one
by conditioning and we have hence reduced the problem to creating a sample
from the multivariate distribution described by C∗(u1, ...., un−m−1). This is
done in the following way.

1. Simulate n−m− 1 independent uniform [0, 1] variables v1, ...., vn−m−1.

2. Solve iteratively for u1, ...., un−m−1

(a) Let u1 = v1

(b) Let u2 be determined by the relation v2 = C∗(u1, u2, 1, ...., 1|u1 =
v1)

. .

(c) Let un−m−1 be determined by the relation

vn−m−1 = C∗(u1, ...., un−m−1|u1 = v1, ...., un−m−2 = vn−m−2)

Note that the equations involved can be more or less difficult depending
on the structure of the copula. In general the equations will have to be
resolved numerically.

This concludes the construction of the sample (Z∼
1 , ...., Z∼

n ). What does
remain, from the point of view of simulation is the issue of the construction
of the copula and the conditional copula. The construction of the copula and
the conditional copula is of course trivial if the copula is explicitly given, less
trivial if the copula is explicitly defined just on the level of its density (like
for e.g., elliptic copulas). Still this can be solved by numerical integration of
the density.
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6 Summary

In this paper we have described a framework for scenario based risk manage-
ment. Even though our main focus in this paper has been on market risk it
is clear that the framework can with little or no modification be adapted to
a scenario based approach to the estimation of the credit loss distribution as
well. In addition the framework is suitable for a scenario based approach to
portfolio optimization as well. Here we summarize the main aspects of the
framework.

The framework consists of three pieces which can be constructed, ana-
lyzed and discussed independently. This gives a clear, clean, flexible and
transparent structure of the modelling process. All levels of risk manage-
ment tools: Sensitivity measures, risk matrices, Value at Risk calculations
and stress-testing are just different aspects of the framework. The three
pieces are:

1. An information hypercube which quantifies the amount of subjective in-
formation that is input to the model and is the port where quantitative
and qualitative information can meet and be integrated.

2. A model for the marginal distribution for each risk factor. For each
marginal the model captures the stylized facts of univariate financial
return series. It does the best of quantitative methods by extrapolat-
ing beyond historical observations of filtered residuals using univariate
extreme value theory.

3. A co-dependence structure encoded in the notion of a copula. Theoret-
ically we have complete flexibility in choosing a dependence structure
by picking a copula from the ”library”. Practically though there are
few copulas which can handle the scale of financial applications. Two
approaches are possible at the current state of research.

(a) Elliptic copulas. The class of elliptic copulas have the advantage of
being amenable to large-scale applications, they also allow explicit
calculations and can be used to stress dependence.

(b) Use blocking maps to reduce the stochastic degrees of freedom of
the co-dependence. For the remaining degrees of freedom a more
exotic parametric or non-parametric copula can be constructed
and estimated.
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We have also in detail described a model based on multivariate extreme
value theory and what we refer to as completed empirical distributions. The
idea of completed empirical distributions is to generalize to the multivariate
situation our univariate approach which is based on the extrapolation theory
of univariate extreme value theory and emprical distribution functions. At
this point in time we think that, the model combined with restrictive blocking
maps can be used to model dependence in the tails on a more ad-hoc level
by playing with spectral measures. This is in particular relevant for stress
testing.

The proposed framework is universal in its structure and as such all fur-
ther developments can be carried out within it. This implies that essen-
tially all future research/developments is reduced to the continous elabora-
tion/refinements and construction of copulas and spectral measures, elab-
oration of information hypercubes capturing for instance the exact events
during a crisis as well as evaluation of the different models, i.e., marginals
and copulas.

An important drawback of this framework is as always in the case of
simulation that it is time consuming. Therefore our main focus for the future
is to develop an analytic version of this framework (making use of elliptic
copulas and their conditioning properties). That version will rely heavily on
Fourier transform techniques and analysis of the type described in Embrecht,
Hoeing and Juri (2001). Such a framework could be used for Value at Risk,
stress-testing and portfolio optimization in real time. Furthermore in such a
framework limit checks on a risk measure like Value at Risk can be carried
out in real time. That is, we fix a model for all risk factors and choose a set
of information hypercubes which we intend to use for limits. Conditioning on
each of these hypercubes we analytically calculate the Value at Risk under
the conditional distribution for the risk factors. Limiting on these hypercubes
then means that we put limits on the Value at Risk numbers so obtained.

Another important extension of the framework that one might want to
consider is the concept of model risk i.e., the risk of model misspecification.
This is an important issue since any mathematical model should be regarded
as an approximation of reality. In this paper we have simply conditioned the
obtained risk measures on the particular choice of model i.e., on the model
risk
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A Extreme value theory

Let X1, ..., Xn be n observations from n Independent and Identically Dis-
tributed (IID) random variables with distribution function F . Univariate
Extreme Value Theory (EVT) deals with the distribution function F with
a particular focus on its upper and lower tails. From this perspective it is
natural to consider the following objects

Mn = max{X1, ...., Xn}
mn = min{X1, ...., Xn}

Both Mn and mn are random variables and we are, in analogy with the central
limit law for sums, interested in understanding the asymptotic behavior of
these random variables as n grows large. Notice that

mn = −max{−X1, ....,−Xn} (21)

and hence in the following we will describe the theory only for Mn i.e., we
focus on observations in the upper tail of the underlying distribution.

Generally speaking one may say that EVT can be thought of as a com-
plement to the Central Limit Theorem (CLT); while the latter deals with
fluctuations of cumulative sums, the former deals with fluctuations of sample
maxima. The general structure of extreme value distributions is as follows.
We introduce the following notation for any ξ ∈ R, µ ∈ R, σ ∈ R+

Γξ,µ,σ(x) = exp



−

(
1 + ξ

(x− µ)

σ

)−1/ξ

+



 , x ∈ R (22)

This is the general form of the extreme value distribution. The 1/ξ is referred
to as the tail index as it indicates how heavy the upper tail of the underlying
distribution F is. Letting ξ → 0 we see that the tail index tends to infinity
and Γξ,µ,σ(x) → Γ((x − µ)/σ) with the parameters µ and σ representing a
translation and a scaling respectively. The shape of the distribution Γξ,µ,σ(x)

is much depending on whether or not (1 + ξ (x−µ)
σ

) > 0. As σ per definition
is positive the subset of the real axis where this inequality holds true is
therefore depending on the sign of ξ. If ξ = 0 the distribution spreads out
along all of the real axis and in this case the distribution is often called a
Gumbel distribution. If ξ > 0 the distribution has a lower bound (often the
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distribution is called Frechet in this case) and if ξ < 0 the distribution has
an upper bound (usually referred to as the Weibull case).

The main result of EVT is due to Fisher and Tippett who specify the form
of the limit distribution of appropriately normalized maxima (if it exists) as
given by (22).

Theorem 5 (Fisher-Tippett) Suppose X1, ..., Xn are IID random vari-
ables with distribution function F and suppose that there are sequences {an}
and {bn} so that for some non-degenerated limit distribution G(x) we have

lim
n→∞P

(
Mn − bn

an

≤ x

)
= G(x), x ∈ R (23)

Then there exists ξ ∈ R, µ ∈ R, σ ∈ R+ such that G(x) = Γξ,µ,σ(x).

From the statement of the Fisher-Tippett theorem it is natural to intro-
duce the notion of the domain of attraction for Γξ, denoted D(ξ). D(ξ) is the
subset of all distributions F which converges to Γξ,·,· and it is natural to try
to understand that set and state theorems which clarifies the issue in terms
of the tail behavior of the underlying distribution F . Using the notation of
the Fisher-Tippett theorem we note that by independence

P

(
Mn − bn

an

≤ x

)
= (F (anx + bn))n = exp (n log (1− (1− F (anx + bn))))

(24)
As for fixed x we are essentially only interested in the case where the ar-
gument anx + bn is very large we may use a simple approximation of the
logarithm to conclude that for large n

P

(
Mn − bn

an

≤ x

)
∼ exp (n (1− F (anx + bn))) (25)

In particular we may conclude that n(1 − F (anx + bn)) → τ if and only if
P ((Mn − bn)/an ≤ x) → exp(−τ). This is the idea behind the proof of the
following theorem.

Theorem 6 (Domain of attraction) F belongs to the domain of attrac-
tion of Γξ (writtenF ∈ D(ξ)) with normalizing constants {an} and {bn} if
and only if for every x ∈ R

lim
n→∞n(1− F (anx + bn)) = Γξ(x) (26)
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Hence the random variable X belongs to the domain of attraction of the
extreme value distributions if and only if Fisher-Tippett theorem holds for X.
Many of our more well-known distributions can be divided between the three
classes of EVT-distributions according to the size of their tail index. For
example the Normal, Gamma, Lognormal and exponentially distributed ran-
dom variables belong to D(0). That is, to the Gumbel distribution. Student-
t, Pareto, Loggamma and Cauchy distributed variables belong to D(ξ) for
ξ > 0 and hence converge to Frechet. Finally, uniform distributions on [0, 1]
as well as Beta distributed random variables belong to D(ξ) for ξ < 0 and
converge to Weibull.

For every standard EVT-distribution it is possible characterize its domain
of attraction more precisely. Such theorems can be found in the literature
and we have chosen to include one such theorem valid in the Frechet case.
This is the case that is thought of as being the most interesting one from the
point of view of financial time-series.

Theorem 7 (Gnedenko) Suppose X1, ..., Xn are IID random variables with
distribution function F and suppose that

lim
t→∞

1− F (tx)

1− F (t)
= x−1/ξ, x ∈ R+, ξ > 0 (27)

Then for x > 0

lim
n→∞P

(
Mn − bn

an

≤ x

)
= Γξ,0,1(x) (28)

where bn = 0 and an = F←(1− 1/n).

The converse is also true in the sense that if the limit (28) holds then the
tail behaves as stated. Defining

L(x) = (1− F (x))x−1/ξ (29)

the theorem states that F is in the domain of attraction of Γξ,0,1(x) for some
positive ξ if and only if

1− F (tx)

1− F (x)
=

L(tx)

L(t)
x−1/ξ (30)

for some slowly varying function L, i.e., for some function fulfilling

lim
t→∞

L(tx)

L(t)
= 1 (31)
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for all positive x. An example of a slowly varying function is log(1+x). The
function 2 + sin(x) is not slowly varying. Note that the last theorem (Gne-
denko) also throws some light on how to choose the normalization parameters
an and bn in this case.

Now, suppose X1, ..., Xn are n IID random variables with distribution
function F and let xF be the end of the upper tail, xF is of course quite often
+∞. The following characterization of the domain D(ξ) may be proven.

Theorem 8 (Pickands) For ξ ∈ R, F ∈ D(ξ) if and only if there exists
a positive and measurable function a(·) such that for all x ∈ R such that
(1 + xξ) > 0

lim
u→xF

1− F (u + xa(u))

1− F (u)
= (1 + ξx)−1/ξ (32)

The condition in the theorem may be reformulated as

lim
u→xF

P

(
X − u

a(u)
|X > u

)
= (1 + ξx)−1/ξ (33)

where X is a random variable having F as its distribution function. Hence
that F ∈ D(ξ) is equivalent to a condition for scaled excesses over a threshold
u.

Based on the theorem we will in the following concentrate on the condi-
tional distribution function Fu define in the following manner for x > u

Fu(x) = P (X ≤ x|X > u) (34)

We also introduce the following notation for any ξ ∈ R, β ∈ R+

GP ξ,β(x) = 1−
(

1 + ξ
x

β

)−1/ξ

+

, x ∈ R (35)

where GP stands for Generalized Pareto. Basically the theorem states a
1-1 correspondence between EVT-distributions and GP distributions. The
formal connection can be stated

1−GPξ,β(x) = − ln Γξ,0,β(x) (36)

Using the continuity of the GP distributions and letting β(u) = a(u) we may
also conclude that F ∈ D(ξ) if and only if for some function

β : R+ → R+, lim
u→xF

sup
u<x<xF

|Fu(x)−GPξ,β(u)(x− u)| = 0 (37)
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Hence, as the threshold u approaches the endpoint of F , GP becomes an ac-
curate approximation of the excess distribution function Fu and there is a 1-1
correspondence between the statements that F is in the domain of attraction
of Γξ,·,· and that F has a tail behavior described by the GP distribution with
tail index ξ.

B Copulas

Here we give a short introduction to copulas. There are by now several
excellent texts on the standard and basic aspects of copulas and that is the
reason why we have decided to be quite brief in our presentation. The reader
will find that Bouye et al. (2000) and Embrechts et al. (2001) contain much
information and references. The book of Nelsen (1999) is also worth to get
hold on.

Modelling dependence between random variables is one of the most essen-
tial and difficult issues of multivariate analysis. The notion of copulas give
a structured way of focusing on and analyzing the impact of different de-
pendence structures. Traditionally dependence between real-valued random
variables X1, ..., Xn is described by the joint distribution function

F (x1, ...., xn) = P (X1 ≤ x1, ...., Xn ≤ xn)

The idea of the copula is to decouple the construction of multivariate dis-
tribution functions into the specification of marginal distributions and a
dependence structure. Suppose that X1, ..., Xn have continuous marginals
F1, . . . , Fn. Then for each i ∈ {1, 2, ...., n}, Ui = Fi(Xi) is a uniform (0,1)-
variable. By definition

F (x1, ...., xn) = P (X1 ≤ x1, ...., Xn ≤ xn)

= P (F1(X1) ≤ F1(x1), ...., Fn(Xn) ≤ Fn(xn))

Hence
F (x1, ...., xn) = P (U1 ≤ F1(x1), ...., Un ≤ Fn(xn))

and if F−1
i (α), α ∈ [0, 1], denotes the inverse of the marginal, the copula may

be expressed in the following way

C(u1, ...., un) = F (F−1
1 (u1), ...., F

−1
n (un))
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The copula is the joint distribution function of the vector (U1, ..., Un). This
argument paves the way for the following straightforward definition of the
copula.

Definition 13 (Copula) A copula is the distribution function of a random
vector in Rn with uniform (0, 1)-marginals.

The fundamental theorem of Sklar gives the universality of copulas.

Theorem 9 (Sklar) Let F be an n-dimensional distribution function with
continuous marginals F1, . . . , Fn. Then there exists a unique copula C such
that

F (x1, ...., xn) = C(F1(x1), . . . , Fn(xn))

The copula is is the joint distribution function of the vector of transformed
marginals

(U1 = F1(X1), ..., Un = Fn(Xn))

From Sklar’s theorem it is obvious that independence between the compo-
nents is equivalent to

C(u1, . . . , un) = Πn
i=1ui

In the following we will denote the copula of independence by C⊥. We also
introduce the copulas C− and C+, usually referred to as the lower and upper
Frechet bounds respectively

C−(u1, ..., un) = max{
n∑

i=1

ui − n + 1, 0}

C+(u1, ..., un) = min{u1, ...., un}
The lower Frechet bound is however not a copula for n > 2. For n = 2 it may
be interpreted as the dependence structure of two counter-monotonic random
variables. The upper Frechet bound is always a copula and symbolizes perfect
dependence as its density has no mass outside of the diagonal. The following
theorem together with the representation stated in Sklars theorem allows us
to interpret the copula as a structure of dependence.

Theorem 10 (Invariance under strictly increasing functions) Let (X1,
. . . , Xn) be a vector of random variables with continous marginals having cop-
ula CX1,...,Xn. Let furthermore (g1, ...., gn) be a vector of strictly increasing
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functions defined on the range of the variables (X1, ...., Xn). Let Cg1(X1),...,gn(Xn)

be the copula of the random vector (g1(X1), ...., gn(Xn)). Then

Cg1(X1),...,gn(Xn) = CX1,...,Xn

Hence the copula is invariant under strictly increasing transformations of
the marginals and this is the key issue if we want to interpret the copula as
the structure of dependence.

Having choosen a copula it is in general important to understand the
dependence implied by that particular copula? What stylized facts of depen-
dence are captured by a particular copula?

Definition 14 Consider the set of all random vectors (X1, . . . , Xn) with con-
tinous marginals having copula C(u1, ..., un). Let ρ be an operator mapping
such random vectors to real numbers. I.e, ρ(X1, . . . , Xn) ∈. We say that ρ
is a copula property if

ρ(X1, . . . , Xn) = ρ(g1(X1), . . . , gn(Xn))

for all vectors (g1, ...., gn) of strictly increasing functions defined on the range
of the variables (X1, ...., Xn).

As the copula is invariant under strictly increasing transformations of the
marginals the term copula property is appropriate. When we analyzed ellip-
tic copulas/distribution in section 3 we defined and calculated three copula
properties: the Spearman rho, the Kendall tau and the coefficients of upper
and lower tail dependence.

Different copulas induce different degrees of dependence. Hence it is nat-
ural to introduce operations of ordering on the set of all copulas in order to be
able to understand whether or not one copula induces a stronger dependence
than another. This is of course non-trivial as it means that essentially we
want to compare probability measures on the unit square. Still one natural
such ordering is that of the concordance ordering ≺.

Definition 15 (Concordance ordering) We say that C1 is weaker than
C2 if for all points (u1, ...., un) ∈ [0, 1]n the following is true

C1(u1, ..., un) ≤ C2(u1, ..., un)

We write C1 ≺ C2 if C1 is weaker than C2.
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One may easily prove that for any copula C the Frechet bounds bound the
strength of any copula in the following way, C− ≺ C ≺ C+. For parametric
families, allowing the vector of parameters to vary on the parameter space,
the concordance ordering is in many cases a natural way to describe the
strength of dependence.

Having defined a ordering one would like to define a copula property
which respects the ordering. In the case of the concordance ordering one can
introduce the measure of concordance.

Definition 16 (Measure of concordance) Let (X1, ...., Xn) be a vector of
random variables with continuous marginals having copula C = CX1,....,Xn.
Let Γ be the set of all such copulas. Then κ : Γ → [−1, 1] is called a measure
of concordance if and only if it fulfills the following conditions
(1) For all C ∈ Γ, −1 ≤ κ(C) ≤ 1
(2) κ(C) = 0 if and only if C = C⊥, i.e., (X1, ...., Xn) are independent
(3) If C1 ≺ C2 then κ(C1) ≤ κ(C2)
(4) If (X1,j, ...., Xn,j) is a sequence of random variables with continuous
marginals having copulas Cj and if {Cj} converges pointwise to C, then
limj→∞ κ(Cj) = κ(C)

From the definition we realize that a measure of concordance is a cop-
ula property which assumes values in the interval [−1, 1] and respects the
concordance ordering.

C References

Below we list a number of references which are relevant for this paper. The
standard reference on extreme value theory (in particular the univariate the-
ory) is the book of Embrecht, Mikosch and Klüppelberg. For the multivariate
theory and the theory of regular variation we refer to the book of Resnick.
The model for univariate marginals used in our framework is applied in the
paper of Nyström and Skoglund and in the paper of McNeil and Frey. An
excellent account of the state of the art of GARCH processes as well as of
the modelling of univariate financial returns can be found in the paper of
Mikosch. Concerning copulas in the context of risk management we refer to
the papers of Embrecht with colloborators and the extensive list of references
in these papers. Another important reference in this context is the paper of
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Bouye et al. Focusing in particular on elliptic distributions and the analysis
of these the reader will find the paper of Hult and Lindskog valuable.
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